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Introduction

• Geometric multigrid methods are fast, but require 
some sense of structure


• Want:


• Speed and optimal convergence of geometric 
multigrid


• To able to apply it to arbitrary complex meshes 


• Fast solve on GPU
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Idea: remap to a simple domain

• Define an auxiliary computational domain along with a smooth, invertible map T

<latexit sha1_base64="3GlO4JaDdLtKrseMJFxQgXHWTvQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHgpTcr2A9oQ9lsJ+3S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8epotikMY9VJyQaOZPYNMxw7CQKiQg5tsPx7cxvP6HSLJYPZpJgIMhQsohRYqzU6d0JHJJ+0i9XvKo3h7tK/JxUIEejX/7qDWKaCpSGcqJ11/cSE2REGUY5Tku9VGNC6JgMsWupJAJ1kM3vnbpnVhm4UaxsSePO1d8TGRFaT0RoOwUxI73szcT/vG5qopsgYzJJDUq6WBSl3DWxO3veHTCF1PCJJYQqZm916YgoQo2NqGRD8JdfXiWti6p/Vb28v6zU6nkcRTiBUzgHH66hBnVoQBMocHiGV3hzHp0X5935WLQWnHzmGP7A+fwB7H+P7Q==</latexit>

!p
<latexit sha1_base64="LKDdQF7NHDoR9yWb33rkFIOVHJY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHgpTcr2A9oQ9lsJ+3S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8epotikMY9VJyQaOZPYNMxw7CQKiQg5tsPx7cxvP6HSLJYPZpJgIMhQsohRYqzU6d0JHJI+7ZcrXtWbw10lfk4qkKPRL3/1BjFNBUpDOdG663uJCTKiDKMcp6VeqjEhdEyG2LVUEoE6yOb3Tt0zqwzcKFa2pHHn6u+JjAitJyK0nYKYkV72ZuJ/Xjc10U2QMZmkBiVdLIpS7prYnT3vDphCavjEEkIVs7e6dEQUocZGVLIh+Msvr5LWRdW/ql7eX1Zq9TyOIpzAKZyDD9dQgzo0oAkUODzDK7w5j86L8+58LFoLTj5zDH/gfP4A2MuP4A==</latexit>

!c

<latexit sha1_base64="7EfJ6PLFLNUBrb87yrxUqnuJmqU=">AAAB8HicbVDLSgMxFL2pr1pfVZdugkVwVWakqMuCG5cV+pJ2KJk004YmmSHJCGXoV7hxoYhbP8edf2PazkJbDyQczrmXe+8JE8GN9bxvVNjY3NreKe6W9vYPDo/KxydtE6eashaNRay7ITFMcMVallvBuolmRIaCdcLJ3dzvPDFteKyadpqwQJKR4hGnxDrpsW9j3MTuH5QrXtVbAK8TPycVyNEYlL/6w5imkilLBTGm53uJDTKiLaeCzUr91LCE0AkZsZ6jikhmgmyx8AxfOGWIo1i7pyxeqL87MiKNmcrQVUpix2bVm4v/eb3URrdBxlWSWqboclCUCuzOnF+Ph1wzasXUEUI1d7tiOiaaUOsyKrkQ/NWT10n7qupfV2sPtUq9kcdRhDM4h0vw4QbqcA8NaAEFCc/wCm9Ioxf0jj6WpQWU95zCH6DPHxKZj/0=</latexit>→ T →
<latexit sha1_base64="zOnyHTHexPQGNNzhgz6zl1uOLIk=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgEL5ZEinosePFYoV/QxrLZbtqlm2zY3Sgl9OLFv+LFgyJe/Q/e/Ddu24Da+mDg8d4MM/P8mDOlHefLyi0tr6yu5dcLG5tb2zv27l5DiUQSWieCC9nysaKcRbSumea0FUuKQ5/Tpj+8mvjNOyoVE1FNj2LqhbgfsYARrI3UtQ87nAYaSynuUe02PXXH6Efp2kWn5EyBFombkSJkqHbtz05PkCSkkSYcK9V2nVh7KZaaEU7HhU6iaIzJEPdp29AIh1R56fSLMTo2Sg8FQpqKNJqqvydSHCo1Cn3TGWI9UPPeRPzPayc6uPRSFsWJphGZLQoSjrRAk0hQj0lKNB8Zgolk5lZEBlhiok1wBROCO//yImmcldzzUvmmXKxUszjycABHcAIuXEAFrqEKdSDwAE/wAq/Wo/VsvVnvs9aclc3swx9YH99UNpiG</latexit>

→ T→1 →

<latexit sha1_base64="YUeBGYVcPabndvR0l3uwoLiCBi4=">AAACAnicbVDLSgMxFM34rPU16krcBIvgqsxIUXFVcOPOCn1BZxgy6Z02NJMZkoxQSnHjr7hxoYhbv8Kdf2PajqCtBwIn59xLck6Ycqa043xZS8srq2vrhY3i5tb2zq69t99USSYpNGjCE9kOiQLOBDQ00xzaqQQShxxa4eB64rfuQSqWiLoepuDHpCdYxCjRRgrswzq+wt5tDD0SpNjTyc+FBnbJKTtT4EXi5qSEctQC+9PrJjSLQWjKiVId10m1PyJSM8phXPQyBSmhA9KDjqGCxKD80TTCGJ8YpYujRJojNJ6qvzdGJFZqGIdmMia6r+a9ifif18l0dOmPmEgzDYLOHooyjk3SSR+4yyRQzYeGECqZ+SumfSIJ1aa1oinBnY+8SJpnZfe8XLmrlKq1vI4COkLH6BS56AJV0Q2qoQai6AE9oRf0aj1az9ab9T4bXbLynQP0B9bHN0SkliQ=</latexit>

T : !p → !c
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Remapping to a simple domain

• Transferring the solve to a rectangular 
domain allows:


• Using fast geometric solvers


• Regular memory accesses


• Better parallelism on SIMD 
architectures

<latexit sha1_base64="LKDdQF7NHDoR9yWb33rkFIOVHJY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHgpTcr2A9oQ9lsJ+3S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8epotikMY9VJyQaOZPYNMxw7CQKiQg5tsPx7cxvP6HSLJYPZpJgIMhQsohRYqzU6d0JHJI+7ZcrXtWbw10lfk4qkKPRL3/1BjFNBUpDOdG663uJCTKiDKMcp6VeqjEhdEyG2LVUEoE6yOb3Tt0zqwzcKFa2pHHn6u+JjAitJyK0nYKYkV72ZuJ/Xjc10U2QMZmkBiVdLIpS7prYnT3vDphCavjEEkIVs7e6dEQUocZGVLIh+Msvr5LWRdW/ql7eX1Zq9TyOIpzAKZyDD9dQgzo0oAkUODzDK7w5j86L8+58LFoLTj5zDH/gfP4A2MuP4A==</latexit>

!c <latexit sha1_base64="BFO4TcYiPpMbs8/eYN5PGo92sKY="></latexit>

A =





→1 →1 4 →1 →1
→2 →1 6 →1 →2

...
→3 →3 8 →3 →3




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Problem setup

• Solving steady diffusion problem on some physical 
domain 


• Look at this through finite element lens: want to find  
satisfying

<latexit sha1_base64="VNVJ0VlWukRCQ62zVww7Suf6nrI=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7ImpnwCZlAuYCyRJmJ2eTMbOzy8ysEJaUVjYWitj6FHkKCzufwZdwcik0+sPAx/+fw5xz/JgzpR3n08osLa+srmXXcxubW9s7+d29uooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAH15O8cYdSsUjc6GGMXkh6ggWMEm2satLJF5yiM5X9F9w5FK7ex9Wv+8NxpZP/aHcjmoQoNOVEqZbrxNpLidSMchzl2onCmNAB6WHLoCAhKi+dDjqyj43TtYNImie0PXV/dqQkVGoY+qYyJLqvFrOJ+V/WSnRw6aVMxIlGQWcfBQm3dWRPtra7TCLVfGiAUMnMrDbtE0moNrfJmSO4iyv/hfpp0T0vnlXdQqkMM2XhAI7gBFy4gBKUoQI1oIDwAE/wbN1aj9aL9TorzVjznn34JevtG8OxkWE=</latexit>u

<latexit sha1_base64="qJePmjuBzky6/cbBO1L0uquIi6w="></latexit>∫

!p

D→u ·→v dx =

∫

!p

fv dx ↑v ↓ H
1
0 (!p)
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<latexit sha1_base64="XSdvcyhx0wWqQ0TWpcGaPzLi6Iw=">AAAB73icbZDLSgMxFIYzXmu9VV26CRZBEMqMeOmyIGJ3VrAXaIeSSc+0oUlmTDJCGfoSblwo4tbXcedTCD6B6WWhrT8EPv7/HHLOCWLOtHHdT2dhcWl5ZTWzll3f2Nzazu3s1nSUKApVGvFINQKigTMJVcMMh0asgIiAQz3oX47y+gMozSJ5ZwYx+IJ0JQsZJcZajdaNgC5px+1c3i24Y+F58KaQLx1/X18Vv84q7dxHqxPRRIA0lBOtm54bGz8lyjDKYZhtJRpiQvukC02LkgjQfjqed4gPrdPBYaTskwaP3d8dKRFaD0RgKwUxPT2bjcz/smZiwqKfMhknBiSdfBQmHJsIj5bHHaaAGj6wQKhidlZMe0QRauyJsvYI3uzK81A7KXjnhdNbL18qo4kyaB8doCPkoQtUQmVUQVVEEUeP6Bm9OPfOk/PqvE1KF5xpzx76I+f9B1GJky8=</latexit>

!p

<latexit sha1_base64="kEer2ALAfd+QsnOCZ6vwzXFxe7U="></latexit>

→↑ · (D↑u) = f in !p

u = 0 on ω!p



Transferring the weak form

• Take weak form and apply change of coordinates to computational domain


• (for Jacobian  of map )


• Obtain weak form over computational domain 
that we can discretize

<latexit sha1_base64="G0kRBVrAlpUJNhHU3IAnhsF02t4=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhAsJNyJqGXARqwi5guSI+xtJsmSvb1jd08IRxp7GwtFbP1FFoL/wN9g5eaj0MQHA4/3ZpiZF8SCa+O6n87C4tLyympmLbu+sbm1ndvZreooUQwrLBKRqgdUo+ASK4YbgfVYIQ0DgbWgfznya3eoNI9k2Qxi9EPalbzDGTVWur1ulVu5vFtwxyDzxJuSfDH/8X3/NTwutXLvzXbEkhClYYJq3fDc2PgpVYYzgcNsM9EYU9anXWxYKmmI2k/Hpw7JoVXapBMpW9KQsfp7IqWh1oMwsJ0hNT09643E/7xGYjoXfsplnBiUbLKokwhiIjL6m7S5QmbEwBLKFLe3EtajijJj08naELzZl+dJ9aTgnRVOb2waJZggA/twAEfgwTkU4QpKUAEGXXiAJ3h2hPPovDivk9YFZzqzB3/gvP0AwJCR7g==</latexit>

JT
<latexit sha1_base64="klcU8oYbeUrV7o/vA9aFTxwa4f8=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JpANkiH0dGqSNj09Q3ePEIc8gRcPinj1AXwY8eLRN7GzHDT6Q8PH/1fRVeXHnCntOJ9WZmFxaXklu5pbW9/Y3Mpv79RVlEiKNRrxSDZ9opAzgTXNNMdmLJGEPseGP7gc541blIpFoqqHMXoh6QkWMEq0sSrVTr7gFJ2J7L/gzqBw8XH3dfW2l5Y7+fd2N6JJiEJTTpRquU6svZRIzSjHUa6dKIwJHZAetgwKEqLy0smgI/vQOF07iKR5QtsT92dHSkKlhqFvKkOi+2o+G5v/Za1EB+deykScaBR0+lGQcFtH9nhru8skUs2HBgiVzMxq0z6RhGpzm5w5gju/8l+oHxfd0+JJxSmUyjBVFvbhAI7AhTMowTWUoQYUEO7hEZ6sG+vBerZepqUZa9azC79kvX4DBh2Q3Q==</latexit>

T

<latexit sha1_base64="4axCGY/LdDA+hVqWcQXG2Od6JJg="></latexit>∫

!c

D(JT
T →u) · (JT

T →v) |JT | dx =

∫

!c

fv |JT | dx ↑v ↓ H
1
0 (!c)
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<latexit sha1_base64="G0kRBVrAlpUJNhHU3IAnhsF02t4=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhAsJNyJqGXARqwi5guSI+xtJsmSvb1jd08IRxp7GwtFbP1FFoL/wN9g5eaj0MQHA4/3ZpiZF8SCa+O6n87C4tLyympmLbu+sbm1ndvZreooUQwrLBKRqgdUo+ASK4YbgfVYIQ0DgbWgfznya3eoNI9k2Qxi9EPalbzDGTVWur1ulVu5vFtwxyDzxJuSfDH/8X3/NTwutXLvzXbEkhClYYJq3fDc2PgpVYYzgcNsM9EYU9anXWxYKmmI2k/Hpw7JoVXapBMpW9KQsfp7IqWh1oMwsJ0hNT09643E/7xGYjoXfsplnBiUbLKokwhiIjL6m7S5QmbEwBLKFLe3EtajijJj08naELzZl+dJ9aTgnRVOb2waJZggA/twAEfgwTkU4QpKUAEGXXiAJ3h2hPPovDivk9YFZzqzB3/gvP0AwJCR7g==</latexit>

JT



Recap thus far

• We have bilinear forms on both domains


• However, in a iterative solver, we have error corrections                 and residual 
                 that we also want to transfer

<latexit sha1_base64="m5+zyB/78u/K7S7E+F/AT+iDoLc="></latexit>

a : Vp → Vp ↑ R
ac : Vc → Vc ↑ R
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<latexit sha1_base64="GSRsao0AdHpRPme2CU2UubhM97Q=">AAAB8nicbZDLSgMxFIYz9VbrrerSTXAQXEiZEVGXBTcuK9gLTMuQSTNtaCYZkjNCGbrxHdy4UMStT+NC8A18Bleml4W2/hD4+P9zyDknSgU34HmfTmFpeWV1rbhe2tjc2t4p7+41jMo0ZXWqhNKtiBgmuGR14CBYK9WMJJFgzWhwNc6bd0wbruQtDFPWSUhP8phTAtYKWEhxm0vcCGlYdr2KNxFeBH8GbtX9+L7/Gp3UwvJ7u6toljAJVBBjAt9LoZMTDZwKNiq1M8NSQgekxwKLkiTMdPLJyCN8ZJ0ujpW2TwKeuL87cpIYM0wiW5kQ6Jv5bGz+lwUZxJednMs0Aybp9KM4ExgUHu+Pu1wzCmJogVDN7ayY9okmFOyVSvYI/vzKi9A4rfjnlbMb363W0FRFdIAO0THy0QWqomtUQ3VEkUIP6Ak9O+A8Oi/O67S04Mx69tEfOW8/FKyU9A==</latexit>

ec → Vc<latexit sha1_base64="k0naoG8hG9Efvny2PYFDlzJNGGA=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5JIUY8FLx4r2FZoY9hsJ+3SzWbZ3Ygl9K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5keRMG8/7dkpr6xubW+Xtys7u3v6Be1jt6DRTFNo05am6j4gGzgS0DTMc7qUCkkQcutH4euZ3H0Fploo7M5EQJGQoWMwoMVYK3aoKJe4zgTuhfOhLxRII3ZpX9+bAq8QvSA0VaIXuV3+Q0iwBYSgnWvd8T5ogJ8owymFa6WcaJKFjMoSepYIkoIN8fvsUn1plgONU2RIGz9XfEzlJtJ4kke1MiBnpZW8m/uf1MhNfBTkTMjMg6GJRnHFsUjwLAg+YAmr4xBJCFbO3YjoiilBj46rYEPzll1dJ57zuX9Qbt41as1XEUUbH6ASdIR9doia6QS3URhQ9oWf0it6cqfPivDsfi9aSU8wcoT9wPn8Afg2UJg==</latexit>

rp → V →
p

<latexit sha1_base64="2O0bGpcvFs0EI3WPBv+2bVo8m2Y=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VxVRIp6kYouHEZxT6gqWEyvW2HTiZhZiKU0u9w46+4caGIO3Hj3zhps9DWA8M9nHMvd+4JE86Udpxvq7C0vLK6VlwvbWxube/Yu3sNFaeSQp3GPJatkCjgTEBdM82hlUggUcihGQ6vMr/5AFKxWNzpUQKdiPQF6zFKtJEC2/UgoPj4EkOQYJ8J3MiqX7qVphpZGncm03s/kSyCwC47FWcKvEjcnJRRDi+wP/1uTNMIhKacKNV2nUR3xkRqRjlMSn6qICF0SPrQNlSQCFRnPD1tgo+M0sW9WJonNJ6qvyfGJFJqFIWmMyJ6oOa9TPzPa6e6d9EZM5GkGgSdLeqlHOsYZznhLpNANR8ZQqhk5q+YDogkVJs0SyYEd/7kRdI4rbhnlepNtVzz8jiK6AAdohPkonNUQ9fIQ3VE0SN6Rq/ozXqyXqx362PWWrDymX30B9bXD6hMnkA=</latexit>

Pec = ep → Vp

Rrp = rc → V →
c



Interpolating between spaces

• Function interpolation: given  want to find nearest  …
<latexit sha1_base64="J3eDpABSuPL+Ibj5Xq6e2URYKco=">AAAB8nicbZDLSgMxFIYz9VbrrepShGARXJUZEXVZcNNlBXuB6TBkTjNtaCYZkoxQhz6GGxeKuPUpfAR3rnwV08tCW38IfPz/OeScE6WcaeO6X05hZXVtfaO4Wdra3tndK+8ftLTMFNAmSC5VJyKaciZo0zDDaSdVlCQRp+1oeDPJ2/dUaSbFnRmlNEhIX7CYATHW8rMQcJcJ3AohLFfcqjsVXgZvDpXa8ccDaP7dCMuf3Z6ELKHCACda+56bmiAnyjDgdFzqZpqmBIakT32LgiRUB/l05DE+tU4Px1LZJwyeur87cpJoPUoiW5kQM9CL2cT8L/MzE18HORNpZqiA2UdxxrGReLI/7jFFwfCRBQKK2VkxDIgiYOyVSvYI3uLKy9A6r3qX1Ytbr1Kro5mK6AidoDPkoStUQ3XUQE0ESKJH9IxeHOM8Oa/O26y04Mx7DtEfOe8/bLmUcA==</latexit>

uc → Vc

<latexit sha1_base64="2maPIPvKs9vuJoZ2JGfQInbjZkU=">AAAB8nicbZDLSgMxFIYzXmu9VV26CRZBEMqMeOmyIGKXFewFpsOQSTNtaCYZkjNCKX0MNy4UcevTuPMpBJ/A9LLQ1h8CH/9/DjnnRKngBlz301laXlldW89t5De3tnd2C3v7DaMyTVmdKqF0KyKGCS5ZHTgI1ko1I0kkWDPqX4/z5gPThit5D4OUBQnpSh5zSsBafhamuM0lboRpWCi6JXcivAjeDIqV0+/bm/LXRS0sfLQ7imYJk0AFMcb33BSCIdHAqWCjfDszLCW0T7rMtyhJwkwwnIw8wsfW6eBYafsk4In7u2NIEmMGSWQrEwI9M5+Nzf8yP4O4HAy5TDNgkk4/ijOBQeHx/rjDNaMgBhYI1dzOimmPaELBXilvj+DNr7wIjbOSd1k6v/OKlSqaKocO0RE6QR66QhVURTVURxQp9Iie0YsDzpPz6rxNS5ecWc8B+iPn/Qf4zJQV</latexit>

up → Vp

8

<latexit sha1_base64="K3MJrSTtMKJlEV2fX7TXTIsFSRo="></latexit>

[C]ij =

∫

!p

ωi
p(ω

j
c → T ) dx

[Mp]ij =

∫

!p

ωi
pω

j
p dx

<latexit sha1_base64="J3eDpABSuPL+Ibj5Xq6e2URYKco=">AAAB8nicbZDLSgMxFIYz9VbrrepShGARXJUZEXVZcNNlBXuB6TBkTjNtaCYZkoxQhz6GGxeKuPUpfAR3rnwV08tCW38IfPz/OeScE6WcaeO6X05hZXVtfaO4Wdra3tndK+8ftLTMFNAmSC5VJyKaciZo0zDDaSdVlCQRp+1oeDPJ2/dUaSbFnRmlNEhIX7CYATHW8rMQcJcJ3AohLFfcqjsVXgZvDpXa8ccDaP7dCMuf3Z6ELKHCACda+56bmiAnyjDgdFzqZpqmBIakT32LgiRUB/l05DE+tU4Px1LZJwyeur87cpJoPUoiW5kQM9CL2cT8L/MzE18HORNpZqiA2UdxxrGReLI/7jFFwfCRBQKK2VkxDIgiYOyVSvYI3uLKy9A6r3qX1Ytbr1Kro5mK6AidoDPkoStUQ3XUQE0ESKJH9IxeHOM8Oa/O26y04Mx7DtEfOe8/bLmUcA==</latexit>

uc → Vc
<latexit sha1_base64="2maPIPvKs9vuJoZ2JGfQInbjZkU=">AAAB8nicbZDLSgMxFIYzXmu9VV26CRZBEMqMeOmyIGKXFewFpsOQSTNtaCYZkjNCKX0MNy4UcevTuPMpBJ/A9LLQ1h8CH/9/DjnnRKngBlz301laXlldW89t5De3tnd2C3v7DaMyTVmdKqF0KyKGCS5ZHTgI1ko1I0kkWDPqX4/z5gPThit5D4OUBQnpSh5zSsBafhamuM0lboRpWCi6JXcivAjeDIqV0+/bm/LXRS0sfLQ7imYJk0AFMcb33BSCIdHAqWCjfDszLCW0T7rMtyhJwkwwnIw8wsfW6eBYafsk4In7u2NIEmMGSWQrEwI9M5+Nzf8yP4O4HAy5TDNgkk4/ijOBQeHx/rjDNaMgBhYI1dzOimmPaELBXilvj+DNr7wIjbOSd1k6v/OKlSqaKocO0RE6QR66QhVURTVURxQp9Iie0YsDzpPz6rxNS5ecWc8B+iPn/Qf4zJQV</latexit>

up → Vp

<latexit sha1_base64="YiB4cp9gk0Jn0bUy3dAq4GtDfyA="></latexit>

argmin
up

1

2
→up ↑ uc ↓ T→2L2(!p)

=↔
Nc∑

i

ui
c

∫

!p

(ωi
c ↓ T )ωk

p dx =

Np∑

i

ui
p

∫

!p

ωi
pω

k
p dx ↗ωk

p ↘ Vp

=↔ Cuc = Mpup =↔ P = M→1
p C



Restriction between spaces

• Function interpolation: given  want to find nearest 
<latexit sha1_base64="TZw98I1fuzV2pxcrk5v7KQmJux0=">AAAB+HicbZC7SgNBFIZn4y3GS1YtbQaDIBZhN4haBmzSCBHMBZJ1mZ3MJkNmZ5e5CHHJW9jZCCpia2frI9j5Ns4mKTTxh4GP/5zDOfMHCaNSOc63lVtaXlldy68XNja3tov2zm5Txlpg0sAxi0U7QJIwyklDUcVIOxEERQEjrWB4kdVbt0RIGvNrNUqIF6E+pyHFSBnLt4vaT26OYZdy2MzIt0tO2ZkILoI7g1K18vT5cXmfr/v2V7cXYx0RrjBDUnZcJ1FeioSimJFxoaslSRAeoj7pGOQoItJLJ4eP4aFxejCMhXlcwYn7eyJFkZSjKDCdEVIDOV/LzP9qHa3Ccy+lPNGKcDxdFGoGVQyzFGCPCoIVGxlAWFBzK8QDJBBWJquCCcGd//IiNCtl97R8cuWWqjUwVR7sgwNwBFxwBqqgBuqgATDQ4AE8gxfrznq0Xq23aWvOms3sgT+y3n8A+CCVsg==</latexit>

u→
p → V →

p
<latexit sha1_base64="BavyvrYhi5MEmCrrNbMN2uedBbI=">AAAB+HicbZDLSsNAFIZPvNZ6adRlN4NFKC5KIlJdFtwUVxXsBdoYJtNJO3QyCTMToYY+iRsXirj1Udz5FL6C08tCW38Y+PjPOZwzf5BwprTjfFlr6xubW9u5nfzu3v5BwT48aqk4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GF1P6+0HKhWLxZ0eJ9SL8ECwkBGsjeXbhdQn92eoxwRqTcm3S07FmQmtgruAUq1czfzi903Dtz97/ZikERWacKxU13US7WVYakY4neR7qaIJJiM8oF2DAkdUedns8Ak6NU4fhbE0T2g0c39PZDhSahwFpjPCeqiWa1Pzv1o31eGVlzGRpJoKMl8UphzpGE1TQH0mKdF8bAATycytiAyxxESbrPImBHf5y6vQOq+41crFrVuq1WGuHBThBMrgwiXUoA4NaAKBFJ7gBV6tR+vZerPe561r1mLmGP7I+vgB5PKU6w==</latexit>

u→
c → V →

c

9

<latexit sha1_base64="ihpCt6+BEy6c4COWp5EZQQdbJ5M="></latexit>

argmin
uc

1

2
→up ↑ T→1 ↓ uc→2L2(!c)

=↔
Nc∑

i

ui
c

∫

!c

ωi
cω

k
c dx =

Nc∑

i

ui
c

∫

!p

(ωi
p ↑ T→1)ωk

c dx ↗ωk
c ↘ Vc

=↔ CTup = Mcuc =↔ CTM→1
p u↑

p = McM
→1
c u↑

c

=↔ R = CTM→1
p = PT

<latexit sha1_base64="TEflEGZBe2JEmV7tHP1cIQX2Ncs=">AAACAnicbVDLSgMxFM34rPU16krcBIvgqswUUZcFN90IFewDOuOQSTNtaCYTkoxQhuLGT/APxI0LRVwJrvwEd/6N6QPR1gMXTs65l9x7QsGo0o7zZc3NLywuLedW8qtr6xub9tZ2XSWpxKSGE5bIZogUYZSTmqaakaaQBMUhI42wdzb0G9dEKprwS90XxI9Rh9OIYqSNFNi7aSCuPCFpTKBHOaz/PAO74BSdEeAscSekUC7df7yd3+Wqgf3ptROcxoRrzJBSLdcR2s+Q1BQzMsh7qSIC4R7qkJahHMVE+dnohAE8MEobRok0xTUcqb8nMhQr1Y9D0xkj3VXT3lD8z2ulOjr1M8pFqgnH44+ilEGdwGEesE0lwZr1DUFYUrMrxF0kEdYmtbwJwZ0+eZbUS0X3uHh04RbKFTBGDuyBfXAIXHACyqACqqAGMLgBD+AJPFu31qP1Yr2OW+esycwO+APr/Ru6hpq0</latexit>

u→
p → V →

p

<latexit sha1_base64="2DTb6eY3IOLaNDnwqDjF3YwAUpY=">AAACAnicbVDLSgMxFM3UV62vUVfSTbAIXZUZkeqy4Ka4qmAf0BmHTJppQ5PMkGSEMhQ3/oobF4q49Svc+RX+gukD0dYDF07OuZfce8KEUaUd59PKrayurW/kNwtb2zu7e/b+QUvFqcSkiWMWy06IFGFUkKammpFOIgniISPtcHg58dt3RCoaixs9SojPUV/QiGKkjRTYR2mAb71EUk6gRwVs/TwDu+RUnCngMnHnpFQrV7Og+HXVCOwPrxfjlBOhMUNKdV0n0X6GpKaYkXHBSxVJEB6iPukaKhAnys+mJ4zhiVF6MIqlKaHhVP09kSGu1IiHppMjPVCL3kT8z+umOrrwMyqSVBOBZx9FKYM6hpM8YI9KgjUbGYKwpGZXiAdIIqxNagUTgrt48jJpnVbcauXs2i3V6mCGPCiCY1AGLjgHNVAHDdAEGNyDR/AMXqwH68l6td5mrTlrPnMI/sB6/wamlZnt</latexit>

u→
c → V →

c
<latexit sha1_base64="oGg1jaRKsoJP882mQQ5hAzOieYk=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiualJE3QgFN90UKtgHNDFMJpN26OThzEQooX+hG7d+hbgRUcRtd/6Nk7QLbT1wh8M593LnHjdmVEjD+NYWFpeWV1YLa8X1jc2tbX1ntyWihGPSxBGLeMdFgjAakqakkpFOzAkKXEba7uAy89t3hAsahddyGBM7QL2Q+hQjqSRHP647MUxUXWTvjRVzGhBo3SbIg3UHKxHnFp5ajl4yykYOOE/MKSlVK09vz/X7QsPRx5YX4SQgocQMCdE1jVjaKeKSYkZGRSsRJEZ4gHqkq2iIAiLsND9sBA+V4kE/4qpCCXP190SKAiGGgas6AyT7YtbLxP+8biL9czulYZxIEuLJIj9hUEYwSwl6lBMs2VARhDlVf4W4jzjCUmVZVCGYsyfPk1albJ6WT65UGjUwQQHsgwNwBExwBqqgBhqgCTB4AC/gHXxoj9qr9ql9TVoXtOnMHvgDbfwDMXmiVQ==</latexit>

Mpup = u→
p Mcuc = u→

c



Constructing a 2-grid cycle

• We have:


• Physical operator 


• Computational operator  by discretizing ac


• Interpolation 


• Everything we need for a two grid cycle!

<latexit sha1_base64="FvMaK6FXG9RgSJIC791COOI7Vdg=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7ImpnxCZlAuYCyRJmJyfJmNnZZWZWCEtKKxsLRWx9ijyFhZ3P4Es4uRSa+MPAx/+fw5xz/IgzpR3ny0otLa+srqXXMxubW9s72d29qgpjSbFCQx7Kuk8UciawopnmWI8kksDnWPP7N+O8do9SsVDc6kGEXkC6gnUYJdpY5etWNufknYnsRXBnkLv6GJW/Hw5HpVb2s9kOaRyg0JQTpRquE2kvIVIzynGYacYKI0L7pIsNg4IEqLxkMujQPjZO2+6E0jyh7Yn7uyMhgVKDwDeVAdE9NZ+Nzf+yRqw7l17CRBRrFHT6USfmtg7t8dZ2m0mkmg8MECqZmdWmPSIJ1eY2GXMEd37lRaie5t3z/FnZzRWKMFUaDuAITsCFCyhAEUpQAQoIj/AML9ad9WS9Wm/T0pQ169mHP7LefwB04ZEt</latexit>

A
<latexit sha1_base64="ce80FK8Q7HG6BBMP4mRmiPCcwM0=">AAAB6nicbZDLSgMxFIbP1Futt6pLEYJFcFVmRNRlxU2XFe0F2qFk0jNtaCYzJBmhlj6CGxeKuPVJfAR3rnwV08tCW38IfPz/OeScEySCa+O6X05maXlldS27ntvY3Nreye/u1XScKoZVFotYNQKqUXCJVcONwEaikEaBwHrQvx7n9XtUmsfyzgwS9CPalTzkjBpr3V61WTtfcIvuRGQRvBkUSocfD0yL70o7/9nqxCyNUBomqNZNz02MP6TKcCZwlGulGhPK+rSLTYuSRqj94WTUETm2ToeEsbJPGjJxf3cMaaT1IApsZURNT89nY/O/rJma8NIfcpmkBiWbfhSmgpiYjPcmHa6QGTGwQJnidlbCelRRZux1cvYI3vzKi1A7LXrnxbMbr1Aqw1RZOIAjOAEPLqAEZahAFRh04RGe4cURzpPz6rxNSzPOrGcf/sh5/wEJIpFh</latexit>

Ac
<latexit sha1_base64="v5aaMSeBaDMokTdiBtWs2yDgQXo=">AAAB6HicbVC7SgNBFL0bXzG+opaCLAbBKuyKqJ0Bm5QJmAcki8xO7iZjZmeXmVkhLCmtbCwUsfUr8hUWdn6DP+HkUWjigQuHc87lPvyYM6Ud58vKLC2vrK5l13Mbm1vbO/ndvbqKEkmxRiMeyaZPFHImsKaZ5tiMJZLQ59jw+9djv3GPUrFI3OhBjF5IuoIFjBJtpGrlNl9wis4E9iJxZ6Rw9TGqfj8cjkz+s92JaBKi0JQTpVquE2svJVIzynGYaycKY0L7pIstQwUJUXnpZNGhfWyUjh1E0pTQ9kT93ZGSUKlB6JtkSHRPzXtj8T+vlejg0kuZiBONgk4HBQm3dWSPr7Y7TCLVfGAIoZKZXW3aI5JQbX6TM09w509eJPXTontePKu6hVIZpsjCARzBCbhwASUoQwVqQAHhEZ7hxbqznqxX620azViznn34A+v9B4udkTw=</latexit>

P

<latexit sha1_base64="ce80FK8Q7HG6BBMP4mRmiPCcwM0=">AAAB6nicbZDLSgMxFIbP1Futt6pLEYJFcFVmRNRlxU2XFe0F2qFk0jNtaCYzJBmhlj6CGxeKuPVJfAR3rnwV08tCW38IfPz/OeScEySCa+O6X05maXlldS27ntvY3Nreye/u1XScKoZVFotYNQKqUXCJVcONwEaikEaBwHrQvx7n9XtUmsfyzgwS9CPalTzkjBpr3V61WTtfcIvuRGQRvBkUSocfD0yL70o7/9nqxCyNUBomqNZNz02MP6TKcCZwlGulGhPK+rSLTYuSRqj94WTUETm2ToeEsbJPGjJxf3cMaaT1IApsZURNT89nY/O/rJma8NIfcpmkBiWbfhSmgpiYjPcmHa6QGTGwQJnidlbCelRRZux1cvYI3vzKi1A7LXrnxbMbr1Aqw1RZOIAjOAEPLqAEZahAFRh04RGe4cURzpPz6rxNSzPOrGcf/sh5/wEJIpFh</latexit>

Ac

<latexit sha1_base64="3GlO4JaDdLtKrseMJFxQgXHWTvQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHgpTcr2A9oQ9lsJ+3S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8epotikMY9VJyQaOZPYNMxw7CQKiQg5tsPx7cxvP6HSLJYPZpJgIMhQsohRYqzU6d0JHJJ+0i9XvKo3h7tK/JxUIEejX/7qDWKaCpSGcqJ11/cSE2REGUY5Tku9VGNC6JgMsWupJAJ1kM3vnbpnVhm4UaxsSePO1d8TGRFaT0RoOwUxI73szcT/vG5qopsgYzJJDUq6WBSl3DWxO3veHTCF1PCJJYQqZm916YgoQo2NqGRD8JdfXiWti6p/Vb28v6zU6nkcRTiBUzgHH66hBnVoQBMocHiGV3hzHp0X5935WLQWnHzmGP7A+fwB7H+P7Q==</latexit>

!p

<latexit sha1_base64="o769IgojJ3MYt/VoCLxianAz9uQ=">AAAB73icbZDLSgMxFIbP1Futt6pLEYJFcFVmRNRlwU13VrAXaIeSSc+0ocnMmGSEWvoSblwo4tbX8BHcufJVTC8Lbf0h8PH/55BzTpAIro3rfjmZpeWV1bXsem5jc2t7J7+7V9NxqhhWWSxi1QioRsEjrBpuBDYShVQGAutB/2qc1+9RaR5Ht2aQoC9pN+IhZ9RYq9G6ltilbdbOF9yiOxFZBG8GhdLhxwPT4rvSzn+2OjFLJUaGCap103MT4w+pMpwJHOVaqcaEsj7tYtNiRCVqfziZd0SOrdMhYazsiwyZuL87hlRqPZCBrZTU9PR8Njb/y5qpCS/9IY+S1GDEph+FqSAmJuPlSYcrZEYMLFCmuJ2VsB5VlBl7opw9gje/8iLUToveefHsxiuUyjBVFg7gCE7AgwsoQRkqUAUGAh7hGV6cO+fJeXXepqUZZ9azD3/kvP8A2YOTlw==</latexit>

!c10

<latexit sha1_base64="v+tFxKiJxjj4CE+QMdos21cxn+w="></latexit>

u → relax(A, u, f)

r = f ↑Au

u → PA→1
c PT r

u → relax(A, u, f)



Putting it together into a V-cycle
• Recursively coarsen the computational grid


• Use Black-Box MG for structured hierarchy1


• Obtain multigrid hierarchy with physical mesh as fine grid, structured 
hierarchy as coarse grids
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<latexit sha1_base64="3GlO4JaDdLtKrseMJFxQgXHWTvQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHgpTcr2A9oQ9lsJ+3S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8epotikMY9VJyQaOZPYNMxw7CQKiQg5tsPx7cxvP6HSLJYPZpJgIMhQsohRYqzU6d0JHJJ+0i9XvKo3h7tK/JxUIEejX/7qDWKaCpSGcqJ11/cSE2REGUY5Tku9VGNC6JgMsWupJAJ1kM3vnbpnVhm4UaxsSePO1d8TGRFaT0RoOwUxI73szcT/vG5qopsgYzJJDUq6WBSl3DWxO3veHTCF1PCJJYQqZm916YgoQo2NqGRD8JdfXiWti6p/Vb28v6zU6nkcRTiBUzgHH66hBnVoQBMocHiGV3hzHp0X5935WLQWnHzmGP7A+fwB7H+P7Q==</latexit>

!p

<latexit sha1_base64="LuvByEt9fuV7wbjUB3aLgTWO5RQ=">AAAB8XicbVDLSgNBEJyNrxhfUY+5DAYhp7ArEj0GvAQvRjAPTNZldtJJhszMLjOzQljyF148KOLVv/HmV/gLTh4HTSxoKKq66e4KY860cd0vJ7O2vrG5ld3O7ezu7R/kD4+aOkoUhQaNeKTaIdHAmYSGYYZDO1ZARMihFY6upn7rEZRmkbwz4xh8QQaS9Rklxkr33RsBAxLQBy/IF92yOwNeJd6CFKulShoUvq/rQf6z24toIkAayonWHc+NjZ8SZRjlMMl1Ew0xoSMygI6lkgjQfjq7eIJPrdLD/UjZkgbP1N8TKRFaj0VoOwUxQ73sTcX/vE5i+pd+ymScGJB0vqifcGwiPH0f95gCavjYEkIVs7diOiSKUGNDytkQvOWXV0nzrOxVyue3No0amiOLCugElZCHLlAV1VAdNRBFEj2hF/TqaOfZeXPe560ZZzFzjP7A+fgBwoyTSw==</latexit>

!1
c

<latexit sha1_base64="/55ghJE8G0LIDdoGYGP4TMiGELs=">AAAB8XicbVDLSgNBEJz1GeMr6jGXwSDkFHaDRI8BL8GLEcwDk3WZnXSSITOzy8ysEJb8hRcPinj1b7z5Ff6Ck8dBEwsaiqpuurvCmDNtXPfLWVvf2Nzazuxkd/f2Dw5zR8dNHSWKQoNGPFLtkGjgTELDMMOhHSsgIuTQCkdXU7/1CEqzSN6ZcQy+IAPJ+owSY6X77o2AAQnoQznIFdySOwNeJd6CFKrFShrkv6/rQe6z24toIkAayonWHc+NjZ8SZRjlMMl2Ew0xoSMygI6lkgjQfjq7eILPrNLD/UjZkgbP1N8TKRFaj0VoOwUxQ73sTcX/vE5i+pd+ymScGJB0vqifcGwiPH0f95gCavjYEkIVs7diOiSKUGNDytoQvOWXV0mzXPIqpfNbm0YNzZFBeXSKishDF6iKaqiOGogiiZ7QC3p1tPPsvDnv89Y1ZzFzgv7A+fgBxBCTTA==</latexit>

!2
c

<latexit sha1_base64="FjGGUdj5a77xvn67o13pObCpBt8=">AAAB8XicbVDLTgJBEJzFF+IL9chlIjHhRHbVoEcSL8SLmMgjwrqZHRqYMDO7mZk1IRv+wosHjfHq33jzK/wFB/CgYCWdVKq6090Vxpxp47qfTmZldW19I7uZ29re2d3L7x80dZQoCg0a8Ui1Q6KBMwkNwwyHdqyAiJBDKxxdTv3WAyjNInlrxjH4ggwk6zNKjJXuutcCBiSg96dBvuiW3RnwMvF+SLFaqqRB4euqHuQ/ur2IJgKkoZxo3fHc2PgpUYZRDpNcN9EQEzoiA+hYKokA7aeziyf42Co93I+ULWnwTP09kRKh9ViEtlMQM9SL3lT8z+skpn/hp0zGiQFJ54v6CccmwtP3cY8poIaPLSFUMXsrpkOiCDU2pJwNwVt8eZk0T8pepXx2Y9OooTmyqICOUAl56BxVUQ3VUQNRJNEjekYvjnaenFfnbd6acX5mDtEfOO/fxZSTTQ==</latexit>

!3
c

1Reisner, A., Olson, L. N., & Moulton, J. D. (2018). Scaling Structured Multigrid to 500K+ Cores through Coarse-Grid Redistribution



Learning the map

• What about domains where we don’t know the mapping analytically?

12

(?)



Motivation

• What do we want?


• Continuous mapping between domains that is mesh invariant


• Some sense of regularity (no ill conditioning, etc.)


• Smooth and invertible (diffeomorphism)

13



Learning a diffeomorphism

• Observation: integrating over vector field gives diffeomorphism*


• * assuming Lipschitz, smooth, etc.
14



Neural ODEs

• Construct the vector field as the output of a neural network — this is a neural 
ODE3 parameterized by some values 

<latexit sha1_base64="++5RBUT8GGH5ii0WBxtqZdN4Alw=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeClx4r2A9oQ9lsJ+3azSbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5m/udJ9BGxOoBpwn4ERspEQrO0ErtPo4B2aBccavuAnSdeDmpkBzNQfmrP4x5GoFCLpkxPc9N0M+YRsElzEr91EDC+ISNoGepYhEYP1tcO6MXVhnSMNa2FNKF+nsiY5Ex0yiwnRHDsVn15uJ/Xi/F8NbPhEpSBMWXi8JUUozp/HU6FBo4yqkljGthb6V8zDTjaAMq2RC81ZfXSfuq6l1Xa/e1Sr2Rx1EkZ+ScXBKP3JA6aZAmaRFOHskzeSVvTuy8OO/Ox7K14OQzp+QPnM8fqLOPNw==</latexit>

ω

15

3Chen, R. T. Q., Rubanova, Y., Bettencourt, J., & Duvenaud, D. (2018). Neural Ordinary Differential Equations. NIPs, 109(NeurIPS), 31–60.  
https://doi.org/10.48550/arxiv.1806.07366

<latexit sha1_base64="2XZ5t5SIRWN/4uuQlfTWBM9zGzA="></latexit>

Tω(x) = z(1) =

∫ 1

0
fω(z(t), t) dt

T→1
ω (y) = z(0) =

∫ 0

1
fω(z(t), t) dt

x y 

<latexit sha1_base64="kpRNgf8bjRPDAyB5oReLf/8jm3U=">AAACEXicbVC7SgNBFJ31GeNr1dJmMAixCbtBVKwCNpZRzAOya5ydzCZDZh/M3BXDksLKzsZfsbHwga2dnX/j5FGYxAMDh3PuZe45Xiy4Asv6MebmFxaXljMr2dW19Y1Nc2u7qqJEUlahkYhk3SOKCR6yCnAQrB5LRgJPsJrXPRv4tVsmFY/CK+jFzA1IO+Q+pwS01DTzftOBDgOCT7ETEOh4XnrZvy5iB6IJoWnmrII1BJ4l9pjkSgcPN+/u3X25aX47rYgmAQuBCqJUw7ZicFMigVPB+lknUSwmtEvarKFpSAKm3HSYqI/3tdLCfiT1CwEP1b8bKQmU6gWenhzcqKa9gfif10jAP3FTHsYJsJCOPvITgXXaQT24xSWjIHqaECq5vhXTDpGEgi4xq0uwpyPPkmqxYB8VDi90G2U0Qgbtoj2URzY6RiV0jsqogih6RM/oFb0ZT8aL8WF8jkbnjPHODpqA8fUL7jKgKw==</latexit>

fω : R2 → R2



Constructing a loss

• For both domains, define exterior distance function


• Want to preserve distance to boundary after 
mapping


• Removes the need for finding pairs of points 
on the two domains

16

<latexit sha1_base64="xZqHCgcCqVLTBnMBGNzaHbSatSM="></latexit>

I(x; !) =

{
0 x → !

infy→ω! ↑x↓ y↑ x ↔→ !



Loss function

• Want to preserve distance to boundary after mapping
<latexit sha1_base64="QiPOiW+SYu3fkqJ2k7L4cViSx7E="></latexit>

ω(ε) :=
∥∥I(T→1

ω (x);!p)→ I(x,!c)
∥∥2 + ϑ

∫ 1

0

∥∥∥∥
ϖf

ϖx

∥∥∥∥
2

dt

Jacobian regularization
Reconstruction loss

17



Analytic Results

• Set up solver on a few test domains where the mapping is known analytically


• Compared against serial BoomerAMG with default parameters


• Same relaxation on fine grid for both solvers

18



Results on analytic maps

19



Learned Results
(Preliminary)

• Learned the mapping for a restricted channel and a star-shaped domain


• Looking at convergence rates for roughly coarsening by two

20



Restricted Channel

21



Smooth star
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Conclusions

• Framework for geometric multigrid on complex geometries


• Wall-clock speedup against AMG on problems with analytic 
mappings


• Have proposed methodology for learning the mapping that acts 
on domains


• Future directions:


• More work on learned mappings


• Training and solve on GPU


• Domain decomposition?


• Matrix or mesh free on physical domain

• nnytko2@illinois.edu


• nicknytko.github.io

23

mailto:nnytko2@illinois.edu
http://nicknytko.github.io


Network Architecture

• Vector field is time dependent


• Network architecture:


• (3, 256, 256, 256, 2)


• ReLU activation


• Training time: 10-20 minutes on my laptop (CPU)
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